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of positive numbers. We shall suppose that the poles of the terms of (6) are everywhere dense over a large portion of the plane, leaving, however, at least one area free from poles, so that there shall be an analytic function to continue, though even this is not necessary. Borel proves that parallel to any assigned direction there will be an infinity of straight lines, everywhere dense throughout the plane, along which the series (6) will converge absolutely and uniformly. The function defined along these lines is therefore a continuous one.
The proof of this result is short and simple. Describe about the poles an as centers circles which have successively the radii un(n = 1> ^> ' * ')• ^ there is any point which lies outside all of these circles, the series (6) must there converge, since at such a point the absolute value of the .nth term is
= U
that is, less than the nth term of a convergent series of positive numbers. But are there points outside of all the circles ? To settle this question, take any straight line perpendicular to the' assigned direction and project orthogonally all the circles upon the line. The total sum of all the projections, 22un, will be convergent. Moreover, by cutting off a sufficient number of terms at the beginning of (6), the sum of the projections may be made less than any assigned segment ab of the line. Let N terms be cut off for this purpose. Take any point c of the segment which does not lie upon the projection of any circle nor coincide with the projection of one of the first N poles of (6). At c erect a perpendicular to ab. This will be a line parallel to the assigned direction which throughout its entire extent lies without all the circles, excepting possibly the first JV. Hence the series (6) will converge absolutely and uniformly along the line, even though the line lie infinitesimally close to some set of poles in the system. Lastly, because ab was an interval of arbitrary length, these lines of convergence must be everywhere dense throughout the plane, obviously forming a non-enumerable aggregate.ies Scn-An will converge when (7>?*. Suppose now that ^depends upon x and put An =0n(x). It follows then from my theorem that 2cnGn(x) will always converge when tf> r. But this is what was to be proved.
